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It is well known that for many NP-complete 
problems, such as K-Sat, etc., typical cases are 
easy to solve; so that computationally hard cases 
must be rare (assuming P = NP). This paper shows 
that NP-complete problems can be summarized by 
at least one "order parameter", and that the hard 
problems occur at a critical value of such a 
parameter. This critical value separates two regions 
of characteristically different properties. For 
example, for K-colorability, the critical value 
separates overconstrained from underconstrained 
random graphs, and it marks the value at which the 
probability of a solution changes abruptly from near 
0 to near 1. It is the high density of well separated 
almost solutions (local minima) at this boundary 
that cause search algorithms to "thrash". This 
boundary is a type of phase transition and we show 
that it is preserved under mappings between 
problems. We show that for some P problems either 
there is no phase transition or it occurs for bounded 
N (and so bounds the cost). These results suggest a 
way of deciding if a problem is in P or NP and why 
they are different.

In this paper we show that for many NP problems one 
or more "order parameters" can be defined, and hard 
instances occur around particular critical values of these 
order parameters. In addition, such critical values form a 
boundary that separates the space of problems into two 
regions. One region is underconstrained, so the density of 
solutions is high, thus making it relatively easy to find a 
solution. The other region is overconstrained and very 
unlikely to contain a solution. If there are solutions in this 
overconstrained region, then they have such deep local 
minimum (strong basin of attraction) that any reasonable 
algorithm is likely to find it. If there is no solution, then a 
backtrack search can usually establish this with ease, 
since potential solution paths are usually cut off early in 
the search. Really hard problems occur on the boundary 
between these two regions, where the probability of a 
solution is low but non-negligible. At this point there are 
typically many local minima corresponding to almost 
solutions separated by high "energy barriers". These 
almost solutions form deep local minima that may often 
trap search methods that rely on local information. 

Abstract

Because it is possible to locate a region where hard 
problems occur, it is possible to predict whether a 
particular problem is likely to be easy to solve. We expect 
that in future computer scientists will produce "phase 
diagrams" for particular problem domains to aid in hard 
problem identification and for prediction of solution 
existence probability, such as shown in [6].
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We expect 
that in future computer scientists will produce "phase 
diagrams" for particular problem domains to aid in hard 
problem identification and for prediction of solution 
existence probability, such as shown in [6].

K-SAT 
Gent & Walsh (1994)

TSP 
Gent & Walsh (1996)

Job scheduling 
Beck & Jackson (1997)

Knapsack 
Yadav, et al. (2020)
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Knapsack decision problem

Input: 

• W = 𝑤!, … , 𝑤" , weight vector
• P = 𝑝!, … , 𝑝" , pro!t vector
• 𝐶 = capacity	constraint
• 𝑇 = threshold

Output: 

‘TRUE’ if a satisfying assignment X =
𝑥!, … , 𝑥" , 𝑥# ∈ 0, 1	 exists, such that:

:
#$!

"

𝑝#𝑥# ≥𝑇,:
#$!

"

𝑤#𝑥# ≤ 𝐶 and

or ‘FALSE’ if no such assignment exists.
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What about optimisation problems?

Sensible phases?

Satis!ableUnsatis!able

Sensible order parameter(s)?

Satis!ableUnsatis!able
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What can we learn about the decision phase transition?
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Phase transition	≈	optimisation instances

• Decision problems in the phase 
transition are pseudo-optimisation 
problems.

• Formally, a decision problem 
𝐶,𝑊, 𝑉, 𝑇  with optimal value 𝑣∗ is in 

the phase transition if T ≈ 𝑣∗.

• Sampling from the phase transition 
is analogous to sampling pseudo-
optimisation problems.
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Summary

• Phase transitions exist in decision 
problems

• Order parameters can also be 
applied to optimisation instances

• Interesting (and intuitive) patterns 
emerge 
• Distribution of optimisation 

instances explains the decision 
phase transition

• Order parameters predict 
computational complexity

• Be very careful with Sahni-k.




