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Motivation

Phase transitions exist in decision problems

What about optimisation problems?



1. Phase transitions
2. Knapsack (decision)

3. Knapsack (optimisation)



1. Phase transitions
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Phases in computational problems
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Phases in computational problems
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Finding a ‘good’ boundary
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Finding a—geod-boundary
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Finding a—geod-boundary

order parameters
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Finding a—geod-boundary
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Reducing dimensions
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Reducing dimensions

@)
c Q
o O
; §
(@]
; -------------------------------------------------------------- -E (O, VC)
2 &
S O |
= i

QOO OO XTI @

O Unsatisfiable O Satisfiable



Reducing dimensions

Probability of solution
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Cheesman, et al. (1991)

Where the Really Hard Problems Are
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Abstract

It is well known that for many NP-complete
problems, such as K-Sat, etc., typical cases are
easy to solve; so that computationally hard cases
must be rare (assuming P = NP). This paper shows
that NP-complete problems can be summarized by
at least one "order parameter”, and that the hard
problems occur at a critical value of such a
parameter. This critical value separates two regions
of characteristically different properties. For
example, for K-colorability, the critical value
separates overconstrained from underconstrained
random graphs, and it marks the value at which the
probability of a solution changes abruptly from near
0 to near 1. It is the high density of well separated
almost solutions (local minima) at this boundary
that cause search algorithms to "thrash". This
boundary is a type of phase transition and we show
that it is preserved under mappings between
problems. We show that for some P problems either
there is no phase transition or it occurs for bounded
N (and so bounds the cost). These results suggest a
way of deciding if a problem is in P or NP and why
they are different.

< last-namO@ptolemy.arcnasa.gov

In this paper we show that for many NP problems one
or more "order parameters" can be defined, and hard
instances occur around particular critical values of these
order parameters. In addition, such critical values form a
boundary that separates the space of problems into two
regions. One region is underconstrained, so the density of
solutions is high, thus making it relatively easy to find a
solution. The other region is overconstrained and very
unlikely to contain a solution. If there are solutions in this
overconstrained region, then they have such deep local
minimum (strong basin of attraction) that any reasonable
algorithm is likely to find it. If there is no solution, then a
backtrack search can usually establish this with ease,
since potential solution paths are usually cut off early in
the search. Really hard problems occur on the boundary
between these two regions, where the probability of a
solution is low but non-negligible. At this point there are
typically many local minima corresponding to almost
solutions separated by high "energy barriers". These
almost solutions form deep local minima that may often
trap search methods that rely on local information.

Because it is possible to locate a region where hard
problems occur, it is possible to predict whether a
particular problem is likely to be easy to solve. We expect
that in future computer scientists will produce "phase
diagrams" for particular problem domains to aid in hard
problem identification and for prediction of solution
existence probability, such as shown in [6].
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We expect
that in future computer scientists will produce "phase
diagrams" for particular problem domains to aid in hard
problem identification and for prediction of solution
existence probability, such as shown in [6].




2. Knapsack (decision)



Knapsack decision problem

Input:

« W= {wy,..,w,}, weight vector
 P={p4,..,p,}, profit vector

e ( = capacity constraint

T =threshold

Output:

‘TRUE' if a satisfying assignment X =
{x{,...,x,}, x; € {0,1 } exists, such that:

n n
Z W;X; <C and Z PiX; >T,
i=1 i=1

or ‘FALSE'’ if no such assignment exists.



Setup

T oo O

0o 0 Uouo %m?w & 00 8 000'5"(") IS o rY ; XQ ooooé’ S ©, %

°§%° @ %G‘EQ’ o LUP8 9 %@ % o

e °°°§J°<§§¢9e OOgoe° 58 hgbo & 8o o ° a8hagao 24P, g°8’@°é°§oo
08 g0 o00 gD 200 g0 & O 0% S gﬁg“’@ ooge C ¥ o, o

Tt D PGP poRt EEERD TN

oo edbe & 35 ghed B Roens o bpamler ot foon B

&) @, %° 0@ R @B $%P DL S o

R T RN A I L °§§>° oo 98

lg’op @ s OOSDO% 00693 % %)oo oc&%%) o &
%0%3 Oooogsd)o oQ?d%O 008 OOO%JOQ%@%g 8000 > 7 8o o&ooo& . ‘508008
vho BYTR L LR T I

& % omﬂgog @%eoow ) 5 3%%’ § 22 9% Q,%o zsggo%s}%%’@o%o




Setup

O Unsatisfiable O Satisfiable
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(1) Normalised capacity
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(1) Normalised capacity

Abundance of capacity

(2) Normalised profit
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Constrainedness
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Greedy target
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(1) Normalised capacity

Abundance of capacity

(2) Normalised profit
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3. Knapsack (optimisation)



What about optimisation problems?

Sensible phases?

O Unsatisfiable O Satisfiable

Sensible order parameter(s)?
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(1) Normalised capacity

Abundance of capacity

(2) Normalised profit

Greediness of target profit
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(1) Normalised capacity

Abundance of capacity

(2) Normalised profit

Greediness of target profit

T*

np =————
?:1 pi

Where T* = optimal value
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(1) Normalised capacity
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(1) Normalised capacity

Abundance of capacity

(2) Normalised profit

Greediness of target profit
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Where T* = optimal value

Instance distribution

Density

Why the ridge”?
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Instance distribution
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Instance distribution
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Instance distribution
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Why the ridge”?

Density
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Density

Highly improbable*
to randomly sample
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What can we learn about the decision phase transition?

(1) Normalised capacity

Abundance of capacity
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Phase transition = optimisation instances

« Decision problems in the phase
transition are pseudo-optimisation
oroblems.

« Formally, a decision problem
(C,W,V,T) with optimal value v*is in
the phase transition if T = v*.

@
% tee
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o Sampling from the phase transition
IS analogous to sampling pseudo-
optimisation problems.
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Where are the real/y hard problems?
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Where are the rea/lyyhard problems?

(1) Normalised capacity

Abundance of capacity

(2) Normalised profit
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What happens in the empty space?

%

log(propagations)
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What happens in the empty space?
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What about Sahni-k?
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What about Sahni-k?
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What about Sahni-k?
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Propagations

What about Sahni-k?
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Propagations

What about Sahni-k?
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Propagations

What about Sahni-k?
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Summary



Phase transitions exist in decision
oroblems
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Phase transitions exist in decision
oroblems

Order parameters can also be
applied to optimisation instances
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Be very careful with Sahni-k.
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